Introduction
Over C , let S P 3 be an algebraic surface having only nodes as singularities. Suppose that S has degree 6. We show that the maximum number of nodes which S can have is 65.
An abbreviated history of this is as follows (cf. Math. Reviews 88f:14047). Basset 4] showed that S can have at most 66 nodes. Catanese and Ceresa 7] and Stagnaro 22] constructed sextic surfaces having 64 nodes. Barth 2] has recently exhibited a 65 node sextic surface. In this paper, we complete the story by showing that S cannot have 66 nodes. 1 Let :S ! S be a minimal resolution of singularities. A set N of nodes on S is even if there exists a divisor Q onS such that 2Q ?1 (N). We show that a nonempty even set of nodes on S must have size 24, 32, 40, 56, or 64. This result is key to showing the nonexistence of the 66 node sextic. An alternate nonexistence proof may be obtained by combining the restriction on even sets of nodes 2 with results of Casnati and Catanese, described in the preprint Even sets of nodes are bundle symmetric.
We do not know if a sextic surface can have an even node set of size 56 or 64. The existence of large even node sets is of independent interest, as it is related to the following vanishing problem. Let S P 3 be a normal surface of degree s. Let is also connected to linear normality, quadric normality, etc. of set-theoretic complete intersections in P 3 . See ( 13] , 11.8{11.11). There is no further discussion of these issues in this paper. For the known examples of surfaces having only nodes, it would be very interesting to exactly describe the associated code. This appears to be quite di cult, but has been accomplished for quintic surfaces by Beauville 5] , and for generalized Kummer surfaces by Catanese ( 8] , x3).
The combination of topological and algebro-geometric arguments used in this paper naturally raise the question of the degree to which the bound on the number of nodes might be purely topological in nature. This is the case 21] for the quartic surface, which can contain no more than 16 disjoint locally at 3 2-spheres of self-intersection ?2. On the other hand, as noted in x3 of that paper, if S is a sextic surface having only nodes as singularities, the surfaceS is homeomorphic to the connected sum of 4 copies of a smooth quartic and 9 copies of P 1 P 1 .
Hence it contains (at least) 4 16 + 9 = 73 locally at 2-spheres of self-intersection ?2. Moreover, the 64 spheres in the 4 quartics form an even set. Similar arguments apply to show that when S has higher degree,S can have a much greater number of disjoint locally at 2-spheres (and even sets thereof) than S can have nodes (and even sets thereof).
Basic tools and notation
Since some of the calculations in this paper apply as well to surfaces of arbitrary degree, we will for a while allow S to be any surface of degree s in P 3 having only nodes as singularities. Many ideas used here are taken from Beauville 5] , who analyzes quintic surfaces having only nodes. First we recall the fact 15] that Pic(S) is torsion-free; this can also be deduced from (4.3b) of this paper and the exponential sequence.
The even sets of nodes on S comprise the codewords of a binary linear code C. That is, if C is the set of all even sets of nodes, then C may be regarded as a sub-vector-space of F n 2 , where n is the number of nodes on S. We use without much explanation some standard tools from coding theory to investigate C; the standard reference is 17]. For w 2 C, let jwj denote the size of the node set, which in coding theory would be called the weight of w. It is the number of 1's which appear in the expression for w as an element of F n 2 . For n 2 N, let C n denote the set of words of weight n in C. Let C ? denote the dual code to C.
If J is a set of positive integers, by an n; k; J] code we mean a code with lives in F n 2 , has dimension k, and has nonzero weights in the set J. We also underscore weights to indicate that they must occur.
Thus, for example, a 66; 13; f24; 32; 40; 64g] code is a code which lives in F 66 2 , has dimension 13, has nonzero weights in the set f24; 32; 40; 64g, and has a word of weight 64.
For w 2 C, we let Q w denote a divisor onS with the property that 2Q w is rationally equivalent to the sum of the exceptional curves corresponding to the points in w. Since Pic(S) is torsion-free, Q w is determined up to rational equivalence.
For w 2 C ? f0g, let w : X w !S be the double cover branched along the union of the exceptional curves corresponding to the singu- If L is a globally generated line bundle on a smooth projective variety T, we consider the complete linear system corresponding to L, and let ' L denote the induced morphism from T to its image, which is a projective variety. The following result is no doubt well-known; we include it for lack of a reference. Lemma 3.1. Let f : W ! T be a surjective morphism of smooth projective varieties of dimension 2, which is generically two-to-one, and such that Pic(f) is injective. Let L be a globally generated line bundle
Proof. Let D be an e ective divisor in the complete linear system associated to L. Let 
(nH) (nH ? (1) In particular, if r 4, then the above inequality holds even when r = 4 is formally substituted in, and it follows that s Proof. Let D i S be the strict transform of D i , for each i. Let has degree 3, and so can pass through at most 3(deg(S) ? 1) = 15 singular points of S. Hence n = 0, so (a) holds, for D 1 .
In the three cases where D 1 has a singularity other than a node, arguments similar to those of the last paragraph still yield the conclusion that (a) holds, for D 1 .
Of course, the results of the last two paragraphs apply equally to D 2 . Since D w cannot pass with multiplicity one through a node outside w, it follows that the number of nodes of w (say r) which D i passes through is independent of i.
Since D 1 and D 2 must together pass with multiplicity one through all 24 of the singular points in w, we must have r = 12. Statement (b) follows. We consider now the con guration C of planes which occur in V w 1 , V w 2 , V v+w 1 , and V v+w 2 . In total, there are four planes.
First suppose that no three of these planes share a common line. Then we may visualize the con guration by means of a tetrahedron T. (The faces correspond to planes.) For any pair of faces, the intersection of the corresponding two planes with S gives rise to a word w of weight 24, and so (6.1) applies. Therefore every edge of T has exactly 3 singular points of S on it, and every face of T has exactly 15 singular points of S on it. Here is the generic picture, showing only the singular points which appear on the edges:
The picture is generic because some of the edge singular points could be at the vertices. Restricting to the generic case for the moment, let us compute the total number of singular points of S which lie on T. contradiction. This completes the proof that there is no sextic surface in P
Either of these arguments also shows that a sextic surface having 65 nodes cannot have an even set of 64 nodes. However, we do not know if there exists a sextic surface having an even set of 64 nodes, and no other nodes.
